INFINITE SYSTEMS OF ORDINARY DIFFERENTIAL
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SECOND-ORDER PARTIAL DIFFERENTIAL
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BY
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INTRODUCTION

From a purely formal point of view, the problem of integrating the non-
linear partial differential equation

0%u 0% ou ou

'é't';—;y—g= 5’ 5’“,%‘),

under the conditions (0, £) =u(r, £) =0, u(y, 0) =f(y), u.(y, 0) =g(y) (where
f and g are prescribed functions) can be reduced in the following way to the
problem of integrating an infinite system of ordinary differential equations,
d*x,
ae

We want the solution to be valid in a rectangular region, 0=Sy=w,
0<t<K>0. We assume the trigonometric developments

dx1 dx,
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JO) = Xaesin ky, g(3) = 2ol sinky, (3,8 = 2x(f) sin ky,
k=1 k=1

where the a; and a{ are known constants and the x(¢) are unknown func-
tions. If we formally differentiate the series for #(y,t), substitute in the partial
differential equation, multiply through by (2/7) sin #y, and integrate with
respect to y from O to m, making use of the orthogonal properties of the sine
functions, we get the nth equation of the infinite system written above with
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= —f F[ > xikcos ky, 2. —z; sin ky, 2. x; sin ky, y, t] sin nydy.
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* Presented to the Society, December 27, 1932; received by the editors September 20, 1932, and
in revised form and with addition of Part III, Feburary 7, 1933.
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INFINITE SYSTEMS OF DIFFERENTIAL EQUATIONS 793

We must evidently solve our infinite system under the initial conditions
xk(O) =Qag, dxk/dtl —0=0F .

It is the principal object of this paper to put the above formal procedure
upon a rigorous basis.

In Part I, we shall study the slightly more general system

d?x,

ar

. dx, dxe
+ pl % = fa t)xly_‘;’x?)—d?"" n=12--),
the u, being arbitrary positive constants, together with the initial conditions
given above. Actually we shall study this system in the equivalent integral
form,

%n(t) = @n COS pat + (@n /a) SID pat
+<1/>f}[ ()5’%---]' t = n)d
T . a7, %1(7), 7 7), sin u, 7)dr.

In Part II, we shall apply the results of Part I to partial differential
equations, thus obtaining an existence theorem.

This plan has already been carried out by L. Lichtenstein* for equations
of considerably more restricted type. The right hand side of Lichtenstein’s
equation is, in fact, independent of du/9y and du/d¢ and can be developed
in a power series in u:

du Ou i

F(—’ %Y, t) = Z?k(y’ yuk.

dy d¢ k=1
On the other hand, the essential requirement laid down by us is that F should
obey a certain Lipschitz condition in its first three arguments. The present
results also represent a generalization beyond Lichtenstein’s work in that
the requirements on the initial values, f(y) and g(y), are much less restric-
tive. Here it is merely assumed that f’(y) and g(y) have summable squares
on 0<y=<m, or in other words that > k%2 and  a/? converge; whereas
Lichtenstein assumes the convergence of 3 k2| ;| and > _k|a/{ |. The general-
izations that Lichtenstein does carry through in other directions (as to the
shape of the region and the nature of the end or “boundary” conditions) can
equally well be carried out here.

On the other hand our generalizations are gained at a certain sacrifice.
The solution #(y, ¢) produced by Lichtenstein is a solution in the ordinary
sense, whereas the #(y, f) produced by us may be a solution only in a certain
generalized sense to be defined later. This generalized notion of a solution of
a partial differential equation is, however, a natural one, and has been used

* See bibliography at the end of this introduction.
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by other authors. N. Wiener,* for example, has given a generalization, which,
while not assuming the existence of the first derivatives, du/dy and du/d¢,
applies only to linear equations. He gives references to Bocher and G. C.
Evans. My own definition requires the existence of the first derivatives, but,
so far as I know, it is the only one which applies to the general second-order
partial differential equation, linear or not.

A bibliography of the literature on infinite systems of differential equa-
tions appears at the end of this introduction. This bibliography is complete
so far as I have been able to ascertain. None of the work there listed, with
the exception of Lichtenstein’s and Siddigi’s, can be applied here. The reason
is that the usual existence theorems for infinite systems of differential equa-
tions of the form dz:/dt={x(¢, 21, 22, - - - ) with initial conditions 2,(0) =c;,
assume a too restrictive correspondence between the laws of decrease of
the |z:—ci| and the |{|. This correspondence is roughly of the nature
that the convergence of Y x|2x—cx|? implies the convergence of D | {x|?
for ¢ suitably restricted. Evidently such an assumption fails to take into
account even the following highly degenerate example which can be inte-
grated immediately:

dz2n—l
= N2 = {271—1(‘; 21y 82y * * ), Zk(O) = Ck,
dt
de,,
dt = _nz2”-lEg-2”(t!zl’22".') (”)k= 1’ 2) 3)"')'

Assume the convergence of > xc2. Then the convergence of D :z¢ would
ensure the convergence of Y| 2: —cx|?, but not that of D_,{’2. Nevertheless
such an infinite system is extremely useful in the applications to partial
differential equations. This particular simple system is included in the
theories presented both by Lichtenstein and by me. For it may be written
in the form

d?x, \ 0
dt2 + Nn%n, = U;
if we set 2,=2s,1,
dx,
— = NZ2n.
dt "

But it can be easily shown that a large field still awaits exploration.

The infinite systems considered in this paper are formally quite like those
treated by Lichtenstein and quite unlike those treated by W. L. Hart in his
paper of 1922. Nevertheless the methods are much more similar to Hart’s

* Mathematische Annalen, vol. 95 (1926), p. 582.
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methods than to Lichtenstein’s; and the author wishes to acknowledge here
his less obvious debt to Hart.

The application of the results of Part I are probably not limited to the
problems considered in Part II. Instead of using the trigonometric expansions,
exclusively considered in Part II, one might use general Sturm-Liouville
orthogonal functions. Such a procedure might furnish theories for non-linear
normal hyperbolic equations (in any number of independent variables) with
boundary conditions of a much more complicated type than those considered
here. Here also is a large field awaiting exploration.

Existence theorems for the Cauchy problem with non-analytic initial
conditions have not yet been given for general non-linear* hyperbolic
equations, except for the case of twoindependent variables, which has been
most elegantly treated by H. Lewy.t It may be that the method of infinite
systems of ordinary differential equations will furnish the key to the prob-
lem. Even in the case of two independent variables Lewy’s work is ap-
plicable only to the unmixed Cauchy problem, whereas this method is
applicable to the mixed problem, where boundary conditions as well as initial
conditions play a prominent rdle. Further developments await more general
existence theorems for infinite systems of differential equations.

BIBLIOGRAPHY OF THE THEORY OF INFINITE SYSTEMS OF DIFFERENTIAL
EQUATIONS

H. von Koch, Sur les systémes d’ordre infini d’équations différentielles,
Ofversigt af Kongliga Vetenskaps-Akademiens Forhandlingar, vol. 56 (1899),
pp- 395-411 (analytic non-linear theory).

E. H. Moore, New Haven M athematical Colloquium, 1906 (a linear theory
in the sense of “general analysis”).

F. R. Moulton, Solution of an infinite system of differential equations of
the analytic type, Proceedings of the National Academy of Sciences, vol. 1
(1915), pp. 350-354 (analytic non-linear theory). The same work is published
in the text-book on differential equations by the same author.

T. H. Hildebrandt, On a theory of linear differential equations in general
analysis, these Transactions, vol. 18 (1917), pp. 73-96.

W. L. Hart, Differential equations and implicit functions in infinitely many

* Riemann and Hadamard have laid the foundation for the linear case. See the latter’s book
Lectures on Cauchy’s Problem.

See also M. Mathisson, Eine neue Lisungsmethode fiir Differentialgleichungen von normalen hyper-
bolischen Typus, Mathematische Annalen, vol. 107 (1932), pp. 400-419.

t Uber das Anfangswertproblem einer hyperbolischen nichtlinearen partiellen Differentialgleichung
sweiter Ordnung mit zwei unabhingigen Verinderlichen, Mathematische Annalen, vol. 98 (1927), pp.
179-191.
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variables, these Transactions, vol. 18 (1917), pp. 125-160; Functions of in-
finitely many variables in Hilbert space, these Transactions, vol. 23 (1922),
pp. 30-50 (non-analytic non-linear theory); Linear differential equations in
infinitely many variables, American Journal of Mathematics, vol. 39 (1917),
pp- 407-424; The Cauchy-Lipschitz method for infinite systems of differential
equations, American Journal of Mathematics, vol. 43 (1921), pp. 226-231.

1. A. Barnett, Differential equations with a continuous infinitude of va-
riables, American Journal of Mathematics, vol. 44 (1922), pp. 172-190;
Linear partial differential equations with a continuous infinitude of variables,
American Journal of Mathematics, vol. 45 (1923), pp. 42-53.

A. Wintner, Zur Theorie der unendlichen Differentialsysteme, Mathe-
matische Annalen, vol. 95 (1925), pp. 544-556; Zur Losung von Differential-
systemen mit unendlich vielen Verinderlichen, Mathematische Annalen, vol.
98 (1927), pp. 273-280 (analytic non-linear theory); Zur Analysis im Hilbert-
schen Raume, Mathematische Zeitschrift, vol. 28 (1928), pp. 451-470; Upon
a theory of infinite systems of non-linear implicit and differential equations,
American Journal of Mathematics, vol. 53 (1931), pp. 241-257.

L. Lichtenstein, Zur Theorie partieller Differentialgleichungen sweiter
Ordnung vom hyperbolischen Typus, Journal fiir die reine und angewandte
Mathematik, vol. 158 (1927), pp. 80-91.

W. T. Reid, Properties of solutions of an infinite system of ordinary linear
differential equations of the first order with auxiliary boundary conditions,
these Transactions, vol. 32 (1930), pp. 284-318.

M. R. Siddiqi, Zur Theorie der nichtlinearen partiellen Differentialgleich-
ungen vom parabolischen Typus, Mathematische Zeitschrift, vol. 35 (1932),
pp- 464-484.

In addition to the above papers there is also an extensive literature deal-
ing with the single differential equation of infinite order in one unknown
function. This theory is closely connected with the Heaviside operational
calculus and has little or nothing in common with the theory of infinite
systems of differential equations. The device whereby the differential equa-

tion
dx d’x drx
F{t,z,—) —> - -+ )=0
dt ds? dtr
can be put into the form of a system of equations
dx;,
?___fk(tyxlyxb"'yx») k=12---,n),
by setting
d¥x
Xk

= dtk—l !
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apparently fails when #=o. The bibliography of the single equation of
infinite order may be found in a footnote to a paper by H. T. Davis in the
Annals of Mathematics, (2), vol. 32 (1931), pp. 686-714. It mentions the
following authors: Bourlet, Bromwich, von Koch, Pincherle, Ritt, Schiirer,
Scheffer, Valiron, Wiener.

Part I

1. Notation, terminology, .definitions, and lemmas. We consider in-
finite systems of equations of the form,

1 t
A0 w) =6 +— [ filr, 50} sinm = Ddr (k= 1,2,--),
KEv o

The x.(¢) are the unknown functions.

The pi are any positive numbers.

¢«(#) is an abbreviation for a, cos i+ (ai /ui) sin uxf, where a; and a/
are for the present completely arbitrary, except that, in common with all
other numbers arising in this paper, they are real.

filr, z(r)} is a function depending upon %, 7, 2:(r), (d/dr) x:(7), xa(7),
(@/d7r) x3(7), - - - .

In general, an italic letter followed by {¢, } will be an abbreviation for
a function dependent upon the infinitely many independent variables, ¢, x,,
x{, %2, %4, %3, %, - - - . On the other hand, a Greek letter, with a superscript
n, followed by {¢, x} will indicate a function of the first 2n+1 of these
variables

Thus F{¢, x} depends upon ¢, &y, x/ , xs, 27, - - -, while Y™ {t, 2} depends
upon #, %3, &{, - -+, Xn, 4 only.

By a “point” in “function space” we shall mean an infinite sequence of
numbers, called “coordinates.” We shall deal with two types of function
space:

In considering type 1, the #th coordinate of a point will usually be denoted
by a letter with the subscript #, e.g. #.. A point in function space of type 1,
whose coordinates are represented by i, %3, 23, - - - , will be denoted briefly
by [x].

In dealing with type 2, the nth coordinate will be denoted by a letter
unprimed with the subscript §(#+1), if # is odd, and primed with the sub-
script §n, if # is even. Thus the symbols x,, x{, xs, x7, 25, 2/, - - - may be
taken to represent in the proper order the coordinates of a point in space of
type 2. Such a point with coordinates represented by these symbols is denoted
by (x). Here we use parentheses instead of the square brackets reserved for
points of function space of type 1.
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We shall use different “distance” functions for the two spaces. We begin
by defining the following symbols:

n 11/
Idm.» = [ Zl x;,|"] p; lx{ = Mlm if this limit exists;
k=m

" n 1/p
lillon = Swelal+ Efatls 175l = il i e it exiss,
k=m k=m

p is a positive constant not less than 1. For the sake of brevity, the de-
pendence of these symbols on u; and p is not indicated. The “distance” be-
tween two points [6] and [¢] is defined as |6 —d. The “distance” between two
points (b) and (¢) is defined as [|[b—¢||.

The symbols obey the following classic inequalities:

Ib + clm.n = |b|m.n + Iclm,n; lb + GI = lbl + IC|;
16+ dimn = |8l mn + llellmn; N6+l = [lol] + ||

For our purposes, a region in function space is simply the collection of
points whose coordinates satisfy certain conditions. These conditions are
usually given in the form of inequalities. Two very special regions Q and R
will be largely used in this paper. They are defined as follows:

Let ¢ be a positive number. The point (x) belongs to the region Q(q) if

(1.3) ol = q.

Let 7 be a positive number. Tke point (x) belongs to the region R (r) if for
at least one value of t the inequality

(1.4) |x — &) < 7 is valid,

where ¢1(t), ¢2(f), - - - have already been defined and ¢4 () = (d/dt) ¢+(2).

The functions f:{¢, } which we consider are of a special type which we
shall call “convergent.” A function of this type, depending upon an infinite
number of variables, is defined as the limit of a sequence of functions, eack
one of which depends only upon a finite number of variables. To be more
precise, we write a formal definition:

DEFINITION. 4 function f{t, x}, defined for t in some interval, 0<t<T, and
for (x) in some region S of (type 2) function space, is said to be of convergent
type, if there exists a sequence of functions, Y™ {t, x}, n=1, 2, - - -, the nth
function y™ {t, x} being defined for 0<t<T and for all sets of values for x,,

(1.2)*

* Cf. F. Riesz, Les Systémes d’ Equations Linéaires & une Infinité &’ Inconnues, p. 43 et seq.
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2, %2, X5, -+ + -, Xn, Xa Which are the first 2n coordinates of any point (x) in S,
such that for any fixed point (x) in S,

limnlx""{t, x} = f{tr x} .

The usefulness of this definition rests on the following lemma:

LeMMA 1. Let ™ be continuous in its 2n+1 arguments. Let | ™ {¢, x}|
=M, where M is some number independent of n, t, x,, x{, %3, x4, - - - . Let
x1(£), xa2(2), - - - be a set of functions, each of which is defined and of class C’
on 0=t=T, and set i (t) =(d/dt)xx(t). Let these functions be such that (x(t))
lies in S for 0t <T. Finally let g(t) be defined and integrable on 0<t=<T.

Then [, ‘,T flt, x(t)} g(8)dt exists in the sense of Lebesgue and is in fact equal
0 litnmss [ ¥ {8, 2(1) } g(0)dt.

The proof of this lemma together with the following corollary is left to
the reader.

COROLLARY. Let p be a constant. Then under the hypotheses of Lemma 1
Jif{r, 2(r)} sin p(t—7)dr is of class C' for 0<t<T, possessing almost every-
where in this interval a second derivative.

We need two more simple inequalities before proceeding to the existence
proof of the next section.
If f(#) is integrable on 0 £¢< T, we have the classic inequality

[fo‘ |f(‘r) [ dr]p < t""fotl 1(r) lﬂd,r* for0<t<T.

Hence, if fi(¢), f2(¢), - - - is an infinite sequence of functions, each of which
is integrable on 0=<¢<T, then

(1.5) |fo|f(f)|df

If | f(£) | m,» is bounded uniformly with respect to # and ¢, and if | (¢) | m,.. exists
for each ¢, we can; by Lebesgue’s theorem, pass to the limit and write

];tlf(*r) l d‘rl:°° = t""lﬁtlf(r)lf.,wdr.

2. Fundamental existence theorem for equations (1.1). We suppose that
there exist four positive numbers 7, A4, B, T, such that the following three
hypotheses hold:

t
< tr—lf I/l drforo<e<T.
0

P
m,n

(1.6)

* E. W. Hobson, Functions of a Real Variable, 3d edition, vol. 1, p. 643.
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Hveotresis 2.1. The fi{t, x} are defined and are of convergent type for
(%) in R(r) and for 0<t<T. The approximation functions ¥ {t, x} are
continuous and uniformly bounded for each k.

Hyeoraesis 2.IL |f{¢, ¢(¢')}|<B for 0<t<T and — 0 <t'<+o.

HypotHESsIs 2.111. |f{t, x} —f{t, 2}|<A-||x— 4|, where (x) and (%) are
both points of R(r) and 0<t=<T.

Then there exists a unique set of functions x,(t), x(t), - - - , each of class C’
on the interval 0<t<K (K is the smaller of the two numbers T and 2-'#r
/(Ar+B)) with the following two properties:

1. (x(2)) belongs to R for 0<t<K.

I1. If these functions are substituted in (1.1) the right hand members exist

in the sense of Lebesgue and are identically equal to the left members for 0 <t < K.

Such a set of functions will be called a solution.
We first note as a consequence of Hypotheses 2.1T and 2.I1T and (1.2) that

(2.1) l7{¢ #}] = 4r + B = C for () in R.

The actual solution is constructed from the following system of successive
approximations:

(2.2) 2 O) = ou(0), - -;, ‘
o™ (f) = éi(?) + _f filr, x=(r)} sin pa(t — 7)dr
e o
n=1,23---).

Differentiating these, we have also
2O = oL (), - - -,
(2.3) .
il ™(f) = ¢ (1) + f fefr, xD(1)} cos ue(t — r)dr.
0

We prove by induction that, for 0<¢< K, 2™ (f) exists and is of class C’
(cf. Lemma I and its corollary), and that (x™(¢)) belongs to R. Assuming
these facts true for (x»=1(¢)), it follows from (2.2), (2.3), and (1.6) that

=) — s@)||? = | f Flr, x=0(7)} sin u(t — f)dflp
0

+|ff{r, x=(7)} cos u(t — -r)d-rr
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t ¥ t
= ZIf lf{‘T, x("—‘)(f)} | d1'| = Zt"“f If{'r, x("“l)(f)}lpd'r
0 0
t
=< 2t"‘1fCPdr = 2C7t» < 77, i.e. (2™ (£)) belongs to R.
0

Since the stated facts are obviously true for x;(¢), they are by induction
true for x:™ (#).

We next prove that x, ™ (f) converges uniformly toward a limit function
xx() as » becomes infinite. By setting # =1, we have from the above inequal-
ities

|xw@) — xw)(t)”’ = ||z - ¢,(;)“” < 2C7t».
We also obtain from (2.2), (2.3), (1.6), and Hypothesis 2.111

[0 — s = | f Tt 20} = flr, 2079} L sin utt - r)dfr
+| [ Ut w00} = sl a0 eosats - |

= .2| f Lt 200 = flr, 200} | drlp

= f Ve, 200} = flr, 200} frar

t
< 247471 f |x™(r) — x=1(7)||7dr.
0

It then follows by induction that

lem @) — a=v()|? = 27CrA»(rDipne .
P+12p+1)---([n—1]p+1)

The uniform convergence of x;™ (f) and x:™’(f) for 0<¢<K now follows
from the Weierstrass test.
We also find, using (1.2), that

=) — 2@l £ Zllam() — &™)
é i 2(mt)/pC 4 m K mt1 ’
o [P+ D@2p+1) - - (mp + 1)]?

which is the remainder after (2 —1) terms of a certain convergent series of
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positive constants. Now |f{z, x(8) } —f{t, ™) }| =4 -||«(®) =™ ()|, so that

lim feft, s} = fit, 2(8)}

uniformly for 0<¢<K.

This is all that is needed to complete the proof that the functions x(f)
satisfy equations (1.1). The proof of the uniqueness of this solution follows
essentially the same lines and is left to the reader.

3. Approximation by solutions of finite systems. Let # be a positive
integer. Then corresponding to the infinite system of equations (1.1) there
is also the finite system,

1 t
(3.1) k() = ¢:(®) +— | iV {77 xn('r)} sin (¢ — 7)dr (k=1,2,---,m)
LX)
for determining the unknown functions x..(¢). It is the main object of this
article to consider, under certain hypotheses, the approximation to xi(f),
-« +, %a(t), which are the first » functions of the solution of (1.1), by the

functions %m(£), ne(f), - - -, %aa(f), which form the solution of (3.1). We
prove the following

THEOREM. Suppose that the limits ldp.l and lo’| exist, and that there are four
positive numbers r, A, B, and T independent of n so that the following hypotheses
hold:

HyrotrEsis 3.1. The convergent functions fi.{t, x} are defined in a region
Q(q), where q=r+21» (lap|+|a’|), and for 0<St<T (see (1.3)). The approxi-
mation functions Y™ have the special form Y™ {¢, x}=fit, 21, 2/, - - -
Xny X ,0,0,0, - ) k=12,

HyrotrESIS 3.II. |¢(">{t, ¢(t’)}|§B for 0StsT, —o <t/ <+w.

Hyrorrests 3.IIL | f{¢,2} —f{t, #}| <4 -||x— &|| for0 <t < T and for (x) and
() in Qq); frlt, x} is continuous in .

Then we may draw the following four conclusions:

Concrusion 1. R(r) <Q(g).

ConcvrusioN I1. Hypotheses 2.1, 2.11, 2.111 of the preceding article hold and
consequently a unique solution, 2:(t), x2(8), - - -, of (1.1) exists for 0St<K.

ConcrusioN III. A solution xu(t), - - -, %an(t) of equations (3.1) also
exisis for 0Lt< K, such that |[2.(5) — ¢(®)||1.n <7 and [y {t, z.(0) }| = Ar+B

=C.

ConcrusioN IV. lim__ [|#(f) —2.(8)||1.»=0, lim___ ||()|| 41, =0, lim__
ST {t, 2a(8) 1.0 d6=0, the first two of these limits holding uniformly for
0=<i=K.

’



1933] INFINITE SYSTEMS OF DIFFERENTIAL EQUATIONS 803

Conclusions I, II, and III are sufficiently obvious to require no proof.
We content ourselves with a proof of IV.
From Hypotheses 3.1 and 3.III we have

.y Vbt —yol sl s 4z — af,
. + A47||%|| 241, if (#) and (%) both belong to Q.

Let e be a preassigned positive number arbitrarily small. Choose N, so
large that

3.3) Iai‘|n+1-w+|a 1,0 = € for n = Ny
Inequality (2.1) holds, and it is easy to justify the relation
[ senbar = = [Tt a0} e s ox €= ar+ .
Consequently it is possible to find N, so great that
3.4 foKIf{-r, x(f)}|:+1,,.dr = él oxlfk{'r, x(r)} |?dr < e for n = N,.

Let N; be the greater of the two numbers N, and N, so that both (3.3) and
(3.4) hold as long as # = N;. Now, from (1.1) and (1.6), we have

flfnﬁﬂ”h

”x(t) - (t)”n+l o § 2

n+1,00

< 2K71 f I7{7, 2(7) rsredr < 2K 5.
0
Also
2@ llnt1.0 < [|2) = 6@)|[ns1.0 + |6 ns+1.0 < CEP Y% + ||| nt1.00-

But since it is easy to show that ”¢(t)|]»+1 S 2UP (|a,u|,.+1 ,,+|a'|,.+1 )
<2Vre we have ||£(2)|| 11,0 < (2K?~1€)V? 427 easlong as n = N;.

Since Nj; is independent of ¢ for 0<¢<K, we have proved the second
relation under IV.

For convenience choose a number N, so large that

3.5 | 2(@®)||n+1.0 < € as long as n = N,.

Now set up the successive approximations for equations (3.1):

2 () = dald), - -
(n)

T () = ¢a(0) + m {7, a2 ()} sin pe(t — 7)dr, - - -
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We find now from (1.1) and (1.5) that
) = 22" @ = 27 fo 11t 5} = ¥ fr, 570,
and this by (3.2) is less than or equal to
20 [ "ars0) = s e + 207 | 45| )|
Therefore we obtain the following inequality:
(3.6) [|5(5) — 2|10 < 24771 fo tllx(f) — 2™ V(r)||1 ndr + 24787,

which is valid for 0<¢< K and # = N,. Furthermore it is clear that

0)

l2() = 2 |10 = [|2(r) = $(D||1 < 72

Hence setting m =1 in (3.6) we obtain

4 PP

l2) = 2 (®)||on < 24727 + 2477
It is now easy to prove by induction that
2m/ meyrgmp
+1D2+1 - (Im—1]p+1)
m 2i4irtip
+ ]
) ; O+ DL p+ D2+ (—12+D

Since 0=¢=< K, we surely must have now

|2 — 2™

Oltn =

2m4 mopp K mo t
G+D2+1 - (Im—1lp+1)
where D is equal to the value of the convergent series of positive constants

o 2iginKir
2 . :
i 0 p+ DA p+ D+ ([ —1]p+1)

Also it is known that

2 — %" @)||a =

lim 2ve () = Za(t)

m=o

uniformly, and the limit of the first term on the right, as m increases indefi-
nitely, is zero.
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Hence ||%(f) —%4(?)||1.» < (eD)V?, as long as #=N,. This proves the first
relation under IV.
By (1.2) we have

K K
ﬁ M("){T: xn(")}l”+lmdr = j; If{T, x(r)}l,,+1,°°d7

3.7 N
+ f B {r, 2a0)} = flr, 2() Horasadr.

We first appraise the first term on the right:

I:j;xlf{'r, x(T)}In+1,@dT]p < K»1 foKV{T’ 2(r) }Brv.udr

=< eK?lby (3.4) forn = N;.
Thus the first term on the right of (3.7) is not greater than (eK»-!)V» for
n 2 N;. The second term on the right of (3.7) is appraised by means of (3.2):
k™ {r, 20} = flr, s }e = 47| 2(r) = 2a(D)|[ T + 47-||2(D)]| 7410
< ed?(D+ 1) forn = N,.

Thus the second term on the right of (3.7) is not greater than K4 (e(D+1))V»
for n = N,. Therefore

Ip

K Ee!
{7, 2(7) H ot = y forn = N,
0 Cr1

where Nj is the greater of the two numbers N3 and N,, where C =Ar+B, and
where E=C?1[KA(D+1)Y»4 K @-b/?], Also, from the obvious relations

1
l'P(")I:+l.ao = I‘l’(n)li:-l.oo’l‘p(n) |n+1.ao é Cp_l'l'l'(n) |n+l.en1
it follows that
K
f |¢/<”){r, x,.(r)}lzﬂ,mdr < Ee'/?, as long as n = N.
0
This completes the proof of the theorem.

Part II

4. The application of the results of Part I to partial differential equations.
We consider partial differential equations of the form

(4.1) Pl) 0 J%u F (au ou t) 0
. u=—-—-—-— — /> U, =V,
I dy ot »
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where F(py, ps, %, ¥, £) isdefined for — o <p1 <+, — w0 <p<+o0,|u| <4,
0=<y=w,0=¢<T;is uniformly continuous in y and ¢; and obeys a Lipschitz
condition in py, p,, and u:

(4 2) |F(P1’ b2 u, Y, t) _F(ﬁly D2, %, Y, t)'
) éa'lﬁl—i’ll+5'|1’2—Z72|+7'|u—11|,
aslong as |u| <k, |a| <h.

We retain the notation of §1 with the understanding, however, that p =2
and u;=k.

Let
h h 61/2h

(i 1>112 T
=1 k?

Let there be given two functions, f(y) and g(y), defined for the interval
0=y =~ and subject to the following conditions:

f(0) =f(w) =0. f(y) is an indefinite integral possessing a derivative whose
square is summable, and furthermore

I

2 T .
= [T lrola < e
T Jo

g(y) has a summable square, and furthermore
2 r
— f [e(»]2dy < 3¢°.
T Jo

We shall try to find a solution of (4.1) such that

0
@3 w08 = ulm, ) = 0, uy,0) = f(y), ;’:l‘_ = ).

We know from the theory of trigonometric series that
2 * 2 T
—f [F'(0]tdy = |t < 3¢* where awur = ark = —f f'(y) cos ky dy
T Jo T Jo

and
2 L 2 T )
—f [¢(»)]%dy = o} < 3¢* where af = —f g(y) sin ky dy.
T Jo m™Jo

Remembering that f(0) =f(7) =0, we find on integrating by parts that

2 L 4
a = —-—f f(y) sin ky dy.
T Jo
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We also have the obvious inequality 212(Jau]+|e’]) <g. Let r=g—2'2(|ay]
+He').
Let (x) be a point of Q(g). Then from Schwarz’s inequality we have

0
2w = lxﬂl
k=1

<[l -|—

T
_q-‘ﬁ—h

Hence the series #(y)= Y r=1 i sin ky converges absolutely and uniformly
with respect to y. With the help of the Riesz-Fischer theorem we may now
make the following statement:

Corresponding to a point (x) in Q there is defined a continuous function,
u(y), for the interval 0 <y =<, possessing almost everywhere a derivative u'(y),
whose square is summable, such that

2 r v
BEXE = ——f u'(y) cos ky dy, u(y) = f w'(n)dn, (0) = u(w) =0, Iu(y)| <h.
m™Jo 0

Corresponding to this same point (x) there is also defined for this interval a
second function v(y) whose square is summable and such that

2 T
x = —f v(y) sin ky dy.
T Jo

u'(y) and v(y) are unique on 0 <y < except possibly for point sets of measure
zero.

Now let
2 [ 4
(4.4) filt ) == f F('(5), 9(3), u(), 3, §) sin kydy.

Let [«(y), v(y)] and [4(y), 5(y) ] be the two pairs of functions correspond-
ing respectively to the two points (x) and () in Q. From (4.2) we have

[F(“'()’), ”(y)) u(y): Y t) - F(ﬂ’(y)) 17()'), ﬂ(y): Y, t)]z
< 3o [w/(y) — @()]2 + 382 [0(3) — 5(9)]* + 3v* [u(y) — a(») %
Now the f;{¢, x} are the Fourier coefficients of F(u'(y), v(y), %(y), , t) while
the fi{t, &} are the Fourier coefficients of F(@'(y), #(y), %(y), , ), and hence
the [fi{¢, x} —f+{¢, 2} ] are the Fourier coefficients of
[F@(), 1), w(9), 3, 8) = F@ (), 5(9), 4(), 9, 0]

Hence
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2 L 4
VMx&—ﬂaﬂP=;]LWWmmwwmwx%n
— F@(5), 5(3), a(3), 3 )]'dy

6&2 T 632 [ 4
< — ’ 1 2 —_ —_F 2
s — fo [w'(y) — & () ]2dy + - fo [v(y) — 9(y) ]2dy

6 2 [ 3
+ = [ [u3) - a0 ey
T 0
= 32 |(x — Dt + 36* | — &P+ 3v:|e — A

< Ba? + 3v)-|(x — )l + 37| — )

= 4« — 2]l
where A2 is the greater of the two numbers (3a2+3v?) and 382 Thus we have
(4.5) 178t 2} — fle, 2} = 4-||= — 2|.
Also |f{t,x}] =]f{t,0} ] +4 |||, whichis obviously bounded for (x) in Q.
Finally we write
(4.6) v {t, x} = fult, x1, 2l , -+, %ny %4,0,0,0,0, ),
from which it follows, using (4.5), that

lim g {t, x} = fult, x}.

Thus we easily see that the fi{#, x} as here defined satisfy Hypotheses
3.1, 3.11, 3.1I1. Hence all the results of Part I are now available.

It will be necessary to generalize our idea of a “solution” of a partial
differential equation. We first make the following

DEFINITION. A continuous function, u(y, t), defined on the rectangular
region 0<y=<m, 0=t< K, and possessing first partial derivatives almost every-
where in this rectangle, is a solution in the gemeralized semse of the second-
order partial differential equation P(u) =0, if there exists a sequence of functions,
wi(y, £), us(y, ), us(y, 8), - - -, each of class C'" in this same rectangle, such that
the following four conditions hold:

@O lim u,(y, 8) = u(y, t) uniformly in y and t;
Trou  du.|? . .
(I lim f [—-— - ] dy = 0 uniformly in t;
Nn=o00 [] ay ay

(T11) li f ’ [au a"”]zd 0 uniformly in ¢
im _— = 0 uniformly in i,
neow at at 4 Y
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K x
a) lim f f [P(un(y, )2y dt = 0.
Ne=co 0 0

In the next article there will be given a more general definition, which,
however, for our present purposes is equivalent to the definition above.

Let (x(#)) be a solution, valid for 0=<¢<K, of the infinite system of
equations (1.1). We know from §2 that such a solution exists and is in fact
unique. Tken the function

4.7) u(y, t) = Y xx(t) sin ky

k=1
is a solution (in the generalized sense) of (4.1) and satisfies the conditions (4.3).
The approximation functions, #.(y, £), mentioned in the definition will be
provided for as follows:

4.8) ua(y, t) = ank(t) sin ky,
k=1
where % (f), - - -, %aa(f) satisfy the finite system (3.1). Since there is no
difficulty about differentiating the finite sum in (4.8), we see that u.(y, f)
satisfies the requirement of being of class C''.
It is intuitively evident that u(y, f) possesses almost everywhere the
partial derivatives

ou ® . ou had
— = Y x{(t)sin ky and — = D xi(¢)k cos kY,
d k=1 9y k=1

where the indicated series converge in the mean on the interval 0 <y < for
each 2. They do not necessarily converge in the usual sense. The rigorous
proof of these facts is omitted because it merely involves some of the funda-
mental classical analysis concerning double limits and convergence in the
mean.

We notice also that #(y, £) and du/d¢ take on the preassigned initial values
of (4.3). For x4(0) =a; and x{ (0) =a/ .

It remains to show that u(y, £) and the u,(y, ¢) satisfy the Conditions I,
II, III, IV of the definition.

Proof that Condition I holds. Let € be an arbitrarily small positive number.
We have

| u(y, £) — ua(y, t)| =| Y [xe(t) — 2ai(®)] sin ky + i xx(2) sin ky

k=1 k=n+1

S = am®d) + 3 |2

k=1 k=n+1

IIA
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Using Schwarz’s inequaity we find that

ZI 21(t) — 2@ | < |[#()) — 2m()) [ ll n

and this may be taken less than e, accordlng to the theorem of §3, 1f nis
chosen greater than some number N;, independent of f. Likewise from
Schwarz’s inequality and the theorem of §3 we have

5[50 = [5Onftn|~| = 15Ollost0— 5 ¢

kmnt1 61z — 2
if » is greater than some number N, independent of ¢ Hence |u(y, f)
—ua(y, t)l <e for n>N;, where N; is the greater of the two numbers N,
and N,.
Proof that Condition II holds. The function (du/dy—0u./dy) has the
Fourier coefficients (xx(f) —xax(f))k, for k=1, 2, .., n, and x:(t)%k, for
k=n+1, n+2, n+3, - - - . Consequently

< [l=(0 - x»(t)”x "

1

ou  Ou,

2 f (_ _ __> y =110 — w®l, +=Osl,, .

dy
2 2
= =) = wa®lly.0 + 2@l i,
and this by §3 converges uniformly to zero.
Proof that Condition III holds. The function (0%/d!—0u,/dt) has the

Fourier coefficients x (£) —x.¢ (£), for k=1, ,n, and x{ (), for k=n+1,
n+2, - - - . Consequently

9 ou,
—f (-2 oy =0 - wOl, +WOL..
<[5 = 2@l o + 5O,

which converges uniformly to zero as above.

Proof that Condition IV holds. Differentiate u.(y, £) and substitute in the
operator, P( ). P[u.(y, £)] thus is a function of y and ¢. It is found from
(4.1), (4.4), and (4.6) that

—f P[u"(y’ t)] sin ky dy = %nk 4 (") + kzxnk k(") ‘{ tl xn(‘)}’
fork=1,2,.+-,mn,
and this vanishes on account of (3.1). Also

— f Plua(y, )] sin kydy = — ¢ {t, x.(8)},
fork=n+1,n+4+2,n+3,---
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Hence, by Parseval’s theorem,

2 t 4
2 [ Bl 01ty = o e, 50},

and integrating this with respect to ¢ between the limits 0 and K we get a
quantity which, by the theorem of §3, may be taken arbitrarily small by
taking » sufficiently large.

5. A study of the conception of a ‘‘solution in the generalized sense”
with special reference to partial differential equations of the form (4.1).
It will be shown in this section that a solution, %(y, £), of (4.1) in the general-
ized sense is also a solution in the ordinary sense, provided thac » possesses
second derivatives and F satisfies certain simple requirements as to con-
tinuity and differentiability. It will also be shown that the solution in the
generalized sense obtained in the previous section is the only such solution
which satisfies the boundary conditions (4.3).

It is easy to prove these theorems for equation (4.1) because of its es-
pecially simple structure. But the generalized notion of a solution of a partial
differential equation is naturally of a much broader character. It might very
well prove useful in the treatment of all partial differential equations, es-
pecially those of the hyperbolic type. I give here a complete definition,
slightly more general than the one introduced in §4, which was not sym-
metrical in y and ¢.

DEFINITION 1. A continuous function, u(y, t), defined in some finite region
E and possessing almost everywhere in E first partial derivatives, is a solution
in the generalized sense of the second-order partial differential equation P(u) =0
if there exists a sequence of functions, ui(y, t), ua(y, t), us(y, 8), - - - , eack de-
fined in E and each of class C'’, such that the following four conditions hold:

¢9) lim u,(y, t) = u(y, t) uniformly in E;
ou au,.
(I1) ff — — —Z\dydt = 0;
du,
(I1I) dydt = 0;
(Iv) f f | P(ua)| dydt = 0.

In the sequel, E will be assumed to be a closed simply connected region,
whose boundary consists (say) of a finite number of arcs of analytic curves.
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In comparing this definition with the one given in §4, it will be observed
that the exponent 2 has been omitted from the integrands in II, III, IV.
However, Schwarz’s inequality shows us that, if

lim ff|\1/,.{2dydt=0,
n=ow E
lim ffl\l/,.]dydt=0,
n=0c0 E

provided that E is finite. In other words, a function «(y, #) which satisfies the
conditions of the former definition will surely satisfy the conditions of this
last definition.

From the fundamental facts about convergence on the average, the reader
will readily verify the truth of the following

then also

LemMA 1. Let (y', t') be an interior point of E and & a sufficiently small
preassigned positive number. Then it is possible to find a subsequence, un*(y, t),
of the sequence un(y, t), such that for almost all choices of to in the interval
|t/ —t5| <& we shall have

lim [
k= E‘o

where E,, denotes the cross-sectional point set obtained from E by putting t=t,,
and where u(y, t) and u.(y, t) satisfy the requirements of Definition 1.

DEFINITION 2. Let u(y, &), defined on E, be a solution of P(u)=0 in the
generalized sense, and let u.(y, t) be the approximation functions introduced in
Definition 1. Then the cross-sectional point set E,, obtained from E by setting
t=to1s called a proper line, if there exists a subsequence u,*(y, 8) such that

ou  Ouy*

a¢ ot

ou auk*

ot at

dy = 0,

lim
=0 E‘o

dy = 0.

If such a subsequence does not exist, E,, is called an improper line.
According to Lemma 1, almost all cross-sections are proper lines.

DEFINITION 3. A solution, u(y, &), of P(u) =0 in the generalized sense will
be said to assume the initial values f(y) and g(y) for t=t,, if both the following
conditions hold:

(I) E., is a proper line;

(A1) u(y, to) =f(y), and

u

P |¢-¢. = g(y)

almost everywhere on E,,.
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The subsequence #.*(y, t) mentioned in Definition 2 will then be such

that

) U *
lim — — g(y)|dy = 0.
”=o0 E'o al

We temporarily consider the simple equation

5.1) u A (9, 9).
' o 9y = ¢
LeEMMA 2. If u(y, t) is a given function satisfying (5.1) in the ordinary sense,
then
u(y, ) = ju(y + ¢t — to, o) + 3u(y — ¢t + b, bo)
(5.2) 1 vH=t gy 1
+— — (n, to)dn + — f f é(n, 7)dndr.
13 2 tri(y.t,ty)

2 J i,
1o is arbitrary except as restricted below. The region of integration for the double
integral on the right, denoted by tri (y, 8, bo); is the triangle in the (n, ) plane
with vertices at the following points: (v, t), (y —t+to, to), and (y+t—1to, to).

We also require that tri(y, ¢, #,) shall lie entirely within the region of
definition of ¢ and u, and that ¢ shall be integrable, so that the right hand
side of (5.2) will have a meaning.

This well known lemma can be easily proved by applying the following
formula, deduced from Green’s theorem, to tri (y, ¢, ¢):

0%u ou
ff (“z‘w)d"d’:f,,:d”—d”

where S represents any closed region in the (5, 7) plane and C represents the
boundary of S taken in the proper sense. For later convenience I have
written # and 7 as the variables of integration instead of y and #. That is, in
the above integrals, I regard (y, #) and its partial derivatives as being
evaluated for y=7 and f=r. In the sequel, the notation will frequently be
changed in this way, whenever no confusion is likely to result, with no
further comment. The actual proof of the lemma is omitted.

From Lemma 2 we see that the non-linear partial differential equation
(4.1) is closely related to the following non-linear integro-partial differential
equation:

(5.3) u(y, 8) = 3u (y+t—to, to) + 3u (y—1t + 4o, to)

1 rHi—t gy ou ou
77 + ff _’ o u(ﬂ) 7)’ nT dﬂd‘r)
rmto tri (vt m ot

+ J— J—
which we now proceed to consider.

2 J ytge, O
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DEFINITION 4. A function u(y, t), defined in E and admitting almost every-
where jJirst partial derivatives, is a solution of (5.3) at the point (y', t') in E,
if, for almost all values of t, (termed “proper” values) in the neighborhood of t',
(5.3) is an identity in y and t in the neighborhood of (y', t'). It is a solution
throughout E, if it is a solution at every interior point of E.

Equations (4.1) and (5.3) are only partially equivalent because a solution
of (4.1) in the ordinary sense must possess second derivatives, whereas a
solution of (5.3) need not possess second derivatives. We shall see, however,
that (4.1) and (5.3) are completely equivalent, if by a solution of (4.1) we
mean a solution in the generalized sense, provided that F shall satisfy certain
simple conditions.

THEOREM 1. Let F(ps, ps, 4, , £) be defined for all py and ps, for |u| <h,
and for (y,t) in E. Let F also obey the Lipschitz condition

|F(p’P:u)yat)—F(Z;);:;“)y)t)l éali’l—;ll‘l'ﬁlﬁz—izl +7I“—§I

for |u| <h and |u| <h. Then a solution u(y, t) of (4.1) in the generalized sense,
such that |u(y, t)| <h, is also a solution of (5.3).

There exists a sequence of functions ,(y, ) satisfying the conditions
of Definition 1. Because of Condition I we may assume without loss of
generality that |u.| <k, n=1,2,3,---.

Let (y’, t') be any interior point of E. It is possible to choose a positive
number § and a neighborhood U of (y’, ¢’) such that, if (y, #) is a point of
U and ¢, satisfies the inequality |#'—¢,| <9, the triangular region tri(y, ¢, %)
will lie completely imbedded in E.

In accordance with Lemma 1 we have for almost all choices of ¢, the fol-
lowing relation:

(5.4) lim fz,

where u.* (y, t) is a certain subsequence of the given sequence, u.(y, #). In
other words, ¢=1, is a proper line. Choose any such proper line such that
|# —25| <8. Then hold £, fast.

If we set

du  Ou,¥

ot al

dy = 0,

agu,.* 62“0* aun* au‘n* *
;‘n(y’ t) = Py - ayz —F ay ) a ) Uny Yy 8 ),

we know from Definition 1, Condition IV, that
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(5.5) tm [ [ |6, 7)] dnar =
Also from Lemma 2 we have the following identity in y and ¢ in the neighbor-
hood U of (y’, ¢'):

U (9, 1) = Ju(y + ¢ — o, to) + Fu(y — ¢t + b, to)
1 vti—to gy ¥

+_

2Jyty, O

(5.6) dus  duk
ff [ ’ y w* q, 7 |dndr
2 triCy.t.to) ot
+ ——ff Enln, T)dndr.
2 tri(y,t.ty)

Now consider the function

w(y: t) = %u()' +¢ - to, IO) + %“()’ —-t+ to, tO)
(5.7 1 pvtt-t iy ou du
+— "‘(77, to)dn + —ff [—-: — Uy, T ]d‘qdr.
tri(v,t,t0) at

2 y—t+to

("7: to)dn

The fact that the double integral on the right actually exists follows from

the fact that
f f [Gu,. ou, ]d p
U, 1,
) Py, ) y M, T |0NGT

is assumed to exist, since » was by hypothesis a solution in the generalized
sense. It is easily proved in virtue of the Lipschitz condition and Conditions
I, 11, and III of Definition 1 that F(0u./dy, du./0¢, u.(y, t), ¥, £) converges
in the mean, as » tends to infinity, to F(9ux/dy, 0u/dt, u(y, t), v, t), and hence
this latter function is integrable.

We shall show that w(y, f)=u(y, ¢) in the neighborhood U of (y’, #').
Subtracting (5.6) from (5.7) we get

w(y, §) — ud(y,8) = ${u(y+t — to,t0) — wt(y +2 — to,00) } + 3{u(y — t+ to, 10)
—“n*(y—"l'to,%)}
to)}d'f)

vti—t,
~ _(ﬂ,f
f i, { T e
ou out
L I R o D B R | e
2 tri(y, 6,40 dy dy
1
- = f f n (n,7) dndr.
2 tri(y.t.t0)
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Let € be an arbitrarily small positive number. Then the sum of the absolute
values of the first two terms on the right can be taken less than }e by taking
n sufficiently large (independently of y or £) because of Condition I of Defi-
nition 1. The absolute value of the third term can be taken less than }e
because of (5.4). The absolute value of the fifth (last) term can also be taken
less than }e by (5.5). And finally applying the Lipschitz condition to the
fourth term we have

au 6u,:"

I w(y, &) — uS(y,t) ] < ""6 + —a ff dndr
triy,t,to) 6y dy
n 13 ff ou au: ind
- — — =2 |dndr
2 tri(y.t,ty) at ot

+ —1—'7 f f | u(n, 7) — win,r)| dndr.
2 tri(y.t,to)
Hence from Conditions I, II, III, we have |w(y, £) —u.*(y, £)| <¢, if n >N’
where N is a number depending only upon e. In other words %.*(y, ¢) tends
uniformly to w(y, ¢) in U. Since, however, «,* is a subsequence of u,, which
by hypothesis converges uniformly to %(y, £), it follows that w(y, £)=u(y, ¢)
in the neighborhood of (y’, ¢’).
Hence u is a solution of (5.3) at the point (y’, ¢’). Since (y’, ¢’) was any
interior point of E, « is by Definition 4 a solution throughout E of (5.3).

THEOREM 2. Let y', i’, &, be any three real numbers determining a closed
triangular region, tri(y’,t', t,), and such that t' —t, =T >0. Let F(p1, ps, u, 3, t)
be defined for all values of y and t which are coordinates of points in tri (y',¢', 11);
for |u| <k, and for all values of p1 and p whatever. And suppose that it satisfies
the Lipschitz condition

IF(ﬁ:fzy‘ﬁ;yJ)—'F(Pbl’z,“,y,t)l§a|§1 Pl|+ﬂ|ﬁ2 le'l")’l“"‘ul

for |u| <h, |%| <h.

Let f(y) and g(y) be defined for y' —T <y=<y'+T. Let f(y) be an indefinite
integral of a function f'(y), and let g(y) be summable.

Then there can not be more than one solution, u(y, t), defined on tri(y’, ¢, t1),

of the equation
u(y, t) = %f(y +t—t)+3f(y —t+ 1)

vi—h ou Ou
+— f g(n)dn + — f [ [ R
—t+-iy 2 tri(y,t,ty) at

for which |u| <h.

(5.8)
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Let u(y, t) and v(y, £) be two such solutions of (5.8).
Differentiating, using the Lipschitz condition, and executing other ob-
vious operations, we establish

2. Iu(y)t) - v(y, t) |
fv'+t'-t ou 0y ¢ y'+t—r
—(,t) — —ldn{ < f f {w
v—t+e |02 ot tn oy

f”'*’""‘ ou 9y
— ) - =
wotae 10y dy
The last two of the above three inequalities hold for almost all values of ¢
on 4, <t=t'. Let #, be one of these non-exceptional values, not greater than
th+3/(a+B+T7v). Let M be the least common upper bound of the left
members of the above inequalities for the non-exceptional values of ¢ on the
interval #, <¢ <, and for y restricted so that the point (y, £) lies in tri(y’, ¢, #,).
Hence, for some such point (y*, £*), one at least of these left members is not
less than $M, and we thus obtain

IM < M(a+ B8)(ta — t1) + 2T(ts — t:)yM/2
=(—t)a+B8+ TYV)M = IM.

ou Jv

ot ot

du 9y

dy 9y

dn +7¢u—v&@m.

Therefore M =0.

It follows that u(y, )=v(y, £) in the part of tri(y’, #’, #;) which lies below
the line £=#,. By a repetition of this argument the reader can readily extend
this result to include the whole of tri (y', ¢/, #,).

Evidently Theorems 1 and 2 can be used to prove the uniqueness of the
function %(y, ¢) of §4, which satisfies (in the generalized sense) the differential
equation (4.1) and obeys the conditions (4.3).

In order to apply Theorem 2, however, it is first necessary to extend the
definitions of F(p1, ps, %, ¥, t), f(¥), g(»), and u(y, ), which in §4 were re-
garded as defined only for 0 <y <. It is necessary to do this so that every
point in the rectangle 0<y=<wm, 0<¢{<K may be imbedded within a tri-
angular region tri(y’, ¢/, 0). This extension can obviously be effected in a
variety of ways. For example, we could define F, f, g, # outside of 0Sy=~
by making them periodic in y with period w. This definition alone may give
conflicting values for F at points for which y=km, k=0, +1, +2, +3,---.
So we shall redefine F at these points by writing F(p1, ps, %, km, t)=0. With
this extended definition, u(y, ¢) furnishes us with a generalized solution of
(4.1) which is valid for —Nr<y<+Nw, 0<¢< K, where N is an arbitrarily
large integer. In order to see this it is only necessary first to extend the defi-
nitions of the approximation functions #.(y, £) by making them periodic in
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y and secondly to modify them slightly near the points for which y =k, so
that they may be of class C’’ throughout in accordance with Definition 1.

Part III

6. Statement of the problem for the parabolic partial differential equa-
tion. We now treat certain partial differential equations of parabolic type
by the methods developed in Parts I and II. A different point of view is as-
sumed, however, in that no use is made of a solution in a generalized sense.
M. R. Siddiqit, using the methods of Lichtenstein, has treated parabolic
equations of a more restricted type and for less general initial conditions.
The present methods are also simpler than Siddiqi’s; but on the other hand
Siddigi’s solution is valid for 0 <¢< o, whereas the present solution is de-
fined only for a sufficiently small interval 0=<¢<K>0. The inequalities
upon which the present work is based seem to admit considerable latitude,
but I have been unable to obtain the extension to the infinite interval.

Since practically no repetition is involved, this part of the paper is
written so that it can be read independently of Parts I and II.

We shall consider a partial differential equation of the form,

©.1) ou 0 4P (au t)
. = U, Y1),
a oy \ay 7

where F(p, u, v, t) is defined for |p| <P, |u| U, 0=sy=w, 0<¢t=T.Itis
continuous and possesses continuous partial derivatives with respect to
p, %, and y. Furthermore we assume either that

(6.2) F(p,0,9,8) =0
or that
(6.2") F(p,u,0,8) =F(p,u, 7, t) =0.%

As a consequence of the existence of the continuous partial derivatives
we may also write the following Lipschitz condition:

(63) IF{?,“:%‘) -F(T’,ﬂ:}’,m éal?—ﬁl +ﬁlu-‘ﬂ|,
which is valid for the domain of definition specified above.
We have given a function f(y), defined on 0 <y <, vanishing at the end

t See bibliography given in the Introduction.

1 In the equations treated by Siddiqi, F is developable in a power series in % and p:
0,100+, ©

F(py %, Y, f) = Z gaa(y, t)uapﬁ,

af
where, however, « is not allowed to take on the value 0. Consequently Siddiqi’s equations satisfy
(6.2).
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points of this interval, possessing an absolutely continuous first derivative,
and having almost everywhere on 0 <y <= a second derivative whose square
is summable. This is equivalent to the assumption that f(y) can be developed
in a trigonometric series f(y) =) s, ax sin &y, for which > a2k4 converges.t
We wish to find a function %(y, £), defined for 0Sy=<w, 0<¢{<K, which
satisfies (6.1) and the boundary conditions

(6.4) u(y, 0) = f(), u(0, ) = u(m, 1) = 0 O<K=1D.

7. The related infinite systems of ordinary differential equations. We
shall here prove an existence lemma for infinite systems of differential equa-
tions of the type

dxk
(7.1) E“l‘#kzxk:fk{t; x} (k=1,2,3,---)
under the initial conditions x:(0) =a:. Here, contrary to the notation of §1,
a letter followed by {¢, #} denotes a function dependent upon the infinitely
many independent variables ¢, x1, 2, #s, - - - . The u; are any infinite set of
real numbers, such that 1 <ux<pi41. We shall consider (7.1) in the form of
the equivalent infinite system of integral equations:

(7.2) xa(f) — anemt = f fulr, a(r) }ene-0dr,

As in Part I, we shall use the following terminology and abbreviations:
[x] stands for the infinite system of numbers represented by the symbols

X1, Xz, X3, - - - . |x| is an abbreviation for (3_;_, x2)Y2, if this limit exists. It
will be noted that this symbol obeys the inequality
(7.3) |x+ x’lélxl+ix".

The ordered sequence [x] will frequently be regarded as a point in func-
tion space. The region Q(¢) will consist of those points [x] for which

(7.4) o] < g,
where ¢ is positive. The region R(r) consists of those points [x] for which
(1.5) [z — ac+)] < 7,

for at least one value of >0 (r>0).
We shall always assume that |u?| exists and we shall take q=r+|p’d|.
Evidently, then, R<Q, as follows from (7.3).

1 Siddiqi assumes for one of his theorems that)_ 42| ai| converges and for the other theorem that
k“l as| converges.
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We assume that f,{#, 2} is defined for 0<¢<T and for [x]in some region
Q(g). Furthermore we assume the following three fundamental hypotheses:

HyeotrEsis 1. If [x(t)] is any sequence of continuous functions whose
range is in Q(q) for 0St<T, then fi{t, x(t)} is integrable on 0<t<T.

HyPOTHESIS 2. A number B exists such that fuf{t, x}| <212 B for [x] in
Q(g) and for 0<t=<T.

HyroTHESIS 3. A number A exssts such that |f{t, x} —f{t, 5} <212 4 |u(x
— )| for 0=t <T and for [x] and %] in Q(g).

On the basis of these hypotheses we skall prove the existence of an infinite
sequence of continuous functions [x(t)] defined for 0=t <K (K is the smaller
of the two numbers T and r*/B?) whose range is in R(r), such that when these
functions are substituted in (7.2) the right hand members exist and are identically
equal to the left. Such a set of functions is called a solution of (7.2). This solu-
lion is unique.

From Schwarz’s inequality and Lebesgue’s theorem for integrating in-
finite sequences, it is readily verified that, if F.(#) is a sequence of integrable
functions such that >_s-; u [Fi(¢)]* is uniformly bounded with respect to
nand ¢ (for 0<¢t<T), then

(7.6)

¢ 2 ¢
y”"lf F('r)e“z(""‘)d'rl = %f lu"F(r)Pdr,
0 0

where p=0or1and 0=¢<T.
We set up the successive approximations

2
250 (t) = agre Mt - - -,
2 ¢ 2
™ (t) = awemt + | fulr, x0(r) fem-0dr, - - -,
0

Obviously [x®(#)] is in R(r). Assume for the moment that [x™V(¢)] is
in R(r) for 0<¢<K; then, if the x,* () are also continuous, we have

t
Welew® = el = ot [ fln, s etemnar|
0

1 t

< L [t ol
2J

< B% < rforO<t=<T,nrB

Hence we have shown by induction that [x™(f)] lies in R(») for 0<t<K,
and that the x{”(¢) are continuous.
Also
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l=0¢) — 2@ = W[s®@) — ae]?
< lu?[x0 () — ae"t]|* < Bx.

Using (7.6) and Hypothesis 3, we get

lu[x‘"'“)(t) - x(")(t)]|2 = |”f [f{f, x(n)(,.)} - f{,.’ x(n—l)(,)}]e,.’(r—c)d,,
0
1 pt
= —z—j; If{r, x™(n)} — fir, x(”‘l)(‘r)}lzdr

= f 42 L[z ™) — 500 () .

We thus have a recursion formula which enables us to prove by induction that

A 2(n—l)B2tn

[MERIORELIO) =
n!

By the Weierstrass test we see that the successive approximations converge
uniformly: lima.,, %™ () =x+(¢) uniformly, this relation being regarded as
defining the x:(¢) for 0<¢<K.

Using (7.3) we have

lz®) — s@@) = Sluleen@) — sm@)]] s 3

m=n Me=n

A2mB2K mt1\1/2
( (m + 1! )
Then from Hypothesis 3, we have

) A2mPB2K mt1\ 1/2
| it 50} = rlt s} s 24 2 ( (m + D! )

And, since the right hand member of this inequality may be taken arbitrarily
small independently of #(0<¢< K), we have limu—. fi{t, x™(#) } =fi{¢, 2() }
uniformly. It is therefore obvious that [x(¢)] constitutes a solution of (7.2).
It also satisfies (7.1) almost everywhere on 0<¢{<K.

The proof of the uniqueness of this solution follows essentially the same
lines and is left to the reader.

8. Application to the partial differential equation. In applying the
results of the preceding article we shall take ux=k; ¢ =the lesser of the two
numbers 6" U/ and 6! P/x. And we shall assume (as in §7) that ¢ —Jauj
=r>0. We define the fi{¢, x} as follows.

Let [x] be an arbitrary point of Q(g). futd<g. Then from Schwarz’s
inequality we have
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f - fri () 2 (£3)

ka1 k=1 ka1 k

Tt follows that the two series %’ (y) =3 xe1 k% cos ky and #(y) =3 1 % sin
ky converge uniformly. Moreover |4’(y)| <P and |u(y)| <U. By the Riesz-
Fischer theorem we also have a function %’’(y), defined almost everywhere
on 0 <y =, such that its square is summable on this interval and such that

8.1) 2/ f "w'(y) sin bydy = — B,
0

and

(8.2 @/ [Ty = e s o

Integrating (8.1) by parts, it is easily seen that %'’(y) is really the second
derivative of #(y), a fact anticipated in the notation. Thus corresponding to
any point [x]in Q(g) we can write down a function %(y) with the properties
enunciated above. We are now in a position to use this function to define

8.3) fulty 2} = @/m) [ Fl (), u(y), 3, 1] sin by dy.
0

Integrating this by parts we have

cos ky 2 p~dF cos ky

dy.

0 Wvod_}' k

filt, x} = — —F[u'(y),u<y> 9, 1]

Hence from (6.2) or (6.2”) we get

2 doF oF
it == [—pu"<y>+—u'(y) + ]cos kydy.

Therefore
2 oF oF
|urls, x}f = ;f [—u”(y) +—u'(y) + ]
0

Now the right hand side of this equality is bounded (with respect to [x])
because of two facts: I. The partial derivatives of F, being continuous in a
closed region, are bounded. II. By Schwarz’s inequality and (8.2) we know
that any expression of the form [7G(y) ’’(y) dy is bounded whenever G()
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is bounded. Hence Hypothesis 2 of the preceding article holds for the defi-
nition of £+ {#, x} given in (8.3).

Now let [x] and [2] be two points of Q, to which correspond respectively
the two functions #(y) and %(y). We have from (6.3)

I

2 L 4
Irie =} = £ls, 2}f ;j;uwawm@x»ﬂ—FWuxanyJW@

IIA

2 L 4
—fmwwﬂw-wwv+mwww—awM@
T Jo

= 202 Y (kxy — k&x)? + 282 D (2 — %)?
k=1

k=1
< 2(e + 67)-[u(= ~ 2.

Hence Hypothesis 3 holds with 4 = (a2482)1/2.

The proof that Hypothesis 1 holds is easy and is left to the reader.

Hence all the results of §7 are now available. Using the x,(¢), the existence
of which was asserted in that article, we form the function w(y, £)=Y.,
xx(f) sin ky. Then u(y, t) satisfies (6.1) almost everywhere in the region 0<Sy <,
0=<t=K, and also fulfills the boundary conditions (6.4). Furthermore u(y, t)
is the only function of class C' in y and possessing derivatives du/dt, 9*u/dy?
almost everywhere, such that |u(y, t)| SU, |0u/dy| <P, which enjoys these
properties.

In the first place by (7.1), (7.4), and Hypothesis 2, it is seen that E:_!
[dxi/dt]? converges. By the Riesz-Fischer theorem we can therefore find a
function w(y, t) whose Fourier coefficients are precisely these dxi/df. It is
now an elementary exercise in analysis to identify w(y, ) with du/dt.

The theorem follows from the fact that the Fourier coefficients of

du du F(au t)
— ———F|l—> u
a oy ay Y

are none other than the
dxk ”
’ + k2 — filt, x},

all of which vanish. The uniqueness part of the theorem follows from the fact
that the assumption of the existence of a second such function, #(y, ¢),
leads to a contradiction of the uniqueness of the functions [x(#) ].

CAMBRIDGE, MasS.



